Single-element dual-interferometer for precision inertial sensing by Yang, Yichao et al.
Article
Single-element dual-interferometer for precision
inertial sensing
Yichao Yang1,2,3,† , Kohei Yamamoto1,† , Victor Huarcaya1 , Christoph Vorndamme1 , Daniel
Penkert1 , Germán Fernández Barranco1 , Thomas S Schwarze1 , Moritz Mehmet1 , Juan Jose
Esteban Delgado1 , Jianjun Jia2,3, Gerhard Heinzel1 and Miguel Dovale Álvarez1 *
1 Max-Planck-Institut für Gravitationsphysik (Albert-Einstein-Institut)
and Institut für Gravitationsphysik, Leibniz Universität Hannover,
Callinstrasse 38, D-30167 Hannover, Germany
2 Key Laboratory of Space Active Opto-electronics Technology,
Shanghai Institute of Technical Physics, Chinese Academy of Sciences, Shanghai 200083, China
3 University of Chinese Academy of Sciences, Beijing 100049, China
* Correspondence: miguel.dovale@aei.mpg.de
† These authors contributed equally to this work.
Received: date; Accepted: date; Published: date
Abstract: Tracking moving masses in several degrees of freedom with high precision and large dynamic
range is a central aspect in many current and future gravitational physics experiments, where laser
interferometers have been established as one of the tools of choice. Using sinusoidal phase modulation
homodyne interferometry allows a drastic reduction of the complexity of the optical setup, a key limitation
of multi-channel interferometry. By shifting the complexity of the setup to the signal processing stage,
these measurement schemes enable devices with a size and weight not feasible using conventional
techniques. In this paper we present the design of a novel sensor topology based on deep frequency
modulation interferometry: the self-referenced single-element dual-interferometer (SEDI) inertial sensor,
which takes simplification one step further by accommodating two interferometers in one optic. We
show that an inertial sensor with sub-picometer precision for frequencies above 10 mHz, in a package
of a few cubic inches, seems feasible with our approach. Moreover we show that by combining two of
these devices it is possible to reach sub-picometer precision down to 2 mHz. In combination with the
given compactness, this makes the SEDI sensor a promising approach for applications in high precision
inertial sensing for both next-generation space-based gravity missions employing drag-free control, and
ground-based experiments employing inertial isolation systems with optical readout.
Keywords: laser interferometry; inertial sensing; optical readout.
1. Introduction
Precision interferometry with a dynamic range over multiple fringes is the core metrology technique
employed in space-based detectors, such as LISA [1], to measure the displacements between the space-craft
and free-floating test masses, or in ground-based detectors, such as LIGO [2], to measure ground motion in
order to isolate the suspended test masses from vibration. The pinnacle of this technology is applying such
measurement to all degrees of freedom (DOF) of one or multiple test masses [3] whilst providing increased
sensitivity over other schemes such as electrostatic readout [4] or optical levers [5,6]. Such ambitious goals
require a drastic reduction of the size and complexity of the optical setup.
Standard two-beam interferometers have an operating range that is typically less than a quarter of a
wavelength of pathlength difference. To increase the sensing range over many fringes, several techniques
exist, such as homodyne quadrature interferometry [7] or heterodyne interferometry [8]. However,
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Figure 1. Single-element dual-interferometer optical head layout. A frequency-modulated laser beam is
split and delivered via two optical fibers to the heptagonal prism (a). The prism has three main optical
surfaces: S1 and S3 are used to split and recombine the laser beams, while S2 acts as mirror for the reference
interferometer (Ref IFO), and as a window for the test mass inertial sensing interferometer (TM IFO). The
shape of the prism is optimized via simulation to provide insensitivity to manufacturing tolerances and
rejection of stray light noise. Also drawn is a 3D view of the prism showing the required optical coatings
(b).
these techniques suffer from some drawbacks. Homodyne quadrature interferometers typically rely on
complex actuation mechanisms to reduce spurious effects in the optics leading to non-linearities in the
measurement [9]. Heterodyne interferometry does not scale well: it is too complex and bulky to be adapted
to multi-DOF sensing of multiple test masses. In recent years a new interferometry technique has been
developed at the Albert-Einstein-Institut: Deep Frequency Modulation (DFM) interferometry [10,11],
which combines large dynamic range and optical minimalism.
In DFM, a strong frequency modulation is applied to the laser input beam in an unequal arm-length
interferometer. This modulation is embedded in the output signal in the form of components at multiple
higher harmonics of the modulation frequency. The signal phase reallocates the complex amplitudes
of these components in a predictable manner, which allows the extraction of the phase in real time
or in post-processing by fitting the complex amplitudes of the modulation harmonics using, e.g., a
Levenberg-Marquardt (least-squares) routine. This scheme requires fewer optical components, allowing
for compact optical layouts or even single-element interferometers [12].
As with any interferometer with arms of unequal length, laser frequency noise is converted into phase
(and displacement) readout noise. Typically, in order to reach sub-picometer precision, interferometric
inertial sensors rely on using pre-stabilized lasers, which adds to their complexity and cost. Previous
DFM-based inertial sensors relied on such schemes, mitigating the main advantage of the technique. One
way to avoid this limitation is to accommodate the inertial sensor and the frequency reference in the same
optic. In this paper we present a self-referenced single-element dual-interferometer (SEDI) inertial sensor
capable of reaching sub-picometer precision.
In Section 2 we introduce DFM, the key technology behind the SEDI experiment. Section 3 presents
the design of the SEDI inertial sensor. A structural analysis determining the experimental feasibility of the
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device is reported in Section 4. A noise analysis, including inherent imperfections, is then carried out and
reported in Section 5. Finally, the results are summarized in Section 6.
2. Deep Frequency Modulation Interferometry
There are several techniques to increase the working range of two beam interferometers [9]. For
example, heterodyne interferometry uses two laser frequencies to generate a beat signal from which the
phase can be extracted via a phasemeter. Due to the frequency difference Ω between the two interfering
fields in a heterodyne interferometer, the output power varies with time as
Pout ∝ 1+ C cos (Ωt + ψ) . (1)
where ψ is the optical phase difference between the two arms, and C is the interferometric contrast or
fringe visibility. The amplitude and phase can be read out via an in-phase/quadrature (I/Q) demodulator
phasemeter [13] applied to the digitized photoreceiver output, which can be implemented, e.g., using a
field-programmable gate array (FPGA). These two orthogonal signals can be used to extract the phase in
post-processing.
However, the preparation of such laser beams with a frequency offset is not trivial and requires
complex optics and electronics, and it is therefore not ideal for scaling to multi-DOF test mass (TM)
read out. Meanwhile, optical fibers offer the most convenient way to deliver laser beams, but the length
fluctuations of fibers can adversely affect phase measurements, and often complex actuation mechanisms
are required in order to cancel fiber-induced phase noise. DFM enables ultra-compact optical systems that
are very robust to such fluctuations owing to the self-homodyning effect, whilst providing signals in a
form similar to Equation 1 that can be read out via an I/Q demodulation phasemeter.
By applying a strong sinusoidal frequency modulation to the laser input of an unequal arm-length
interferometer, with modulation frequency ωm = 2pi fm, modulation phase φ, and modulation depth ∆ f ,
the output power takes the form [11]
Pout ∝ 1+ C cos (ψ+ m cos [ωmt + φ]) , (2)
where m = 2pi∆ f τ is the effective modulation depth, which depends linearly on ∆ f and on the optical
pathlength delay τ between the two arms of the interferometer. The interferometer output is therefore
periodic with fm, and its waveform is dependent on the interferometric phase ψ. The voltage signal
vout(t) from a photodiode is digitized after appropriate analog amplification and anti-alias filtering, and
then demodulated with sine and cosine tones at N harmonics of the modulation frequency before being
low-pass filtered. The resulting demodulated signal for each harmonic is given by the quadrature Qn and
in-phase In components,
Qn = vout(t) cos nωmt ≈ kJn(m) cos
(
ψ+ n
pi
2
)
cos nφ, (3)
In = vout(t) sin nωmt ≈ −kJn(m) cos
(
ψ+ n
pi
2
)
sin nφ. (4)
Typically we use the first ten harmonics to fit the four parameters with a Levenberg-Marquardt
(least-squares) routine or Kalman filter; k, m, ψ and φ.
3. SEDI Experiment
DFM has been implemented previously on a single-element interferometer consisting of a
custom-made triangular prism capable of sensing the motion of a test mass with sub-picometer
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Figure 2. Layout of the SEDI experiment. A cubic test mass is probed from opposite sides by a pair
of heptagonal prism optical heads that are fed from a single frequency-modulated laser source. Each
optical head hosts two interferometers, one reading the displacement of the test mass and another acting
as frequency reference. The DFM interferometric signals are captured by photodiodes, digitized, and
processed by a phasemeter. A fit algorithm provides the differential phase measurement of each detector.
The phase measurement of the reference interferometer is used as control signal for the laser’s frequency
and modulation index, and as calibration signal for the test mass displacement measurement.
precision [12]. The small volume of this single-element interferometer, hereafter referred to as “optical
head” (OH), means that it is readily scalable to interrogate one or multiple test masses in several degrees
of freedom. While the triangular prism OH setup is very compact, with a volume of just a few cubic
inches, it relies on a second, separate interferometer, also employing DFM readout, for laser frequency
pre-stabilization [14].
For the next generation of these devices, we incorporate both the inertial sensor and the reference
interferometer in the same optic. This is made possible by a custom-design prism (Figure 1). Using
optical fibers we split and deliver a single frequency-modulated laser signal to one or several of these
OH, enabling us to sense the motion of a system in multiple degrees of freedom, and eliminating the need
for a separate frequency reference. Hence, a single-element dual-interferometer (SEDI) inertial sensor is
realized.
There are many possible prism geometries capable of accommodating two unequal arm-length
interferometers. We settle for a heptagonal prism with three main optical surfaces (S1,2,3). This seamless
piece of fused silica glass, obtained via optical contacting of smaller parts, hosts a test mass interferometer
(TM IFO) and a reference interferometer (Ref IFO), using surfaces S1 and S3 for laser beam splitting and
recombination. Surface S2 features two different coatings and serves a double purpose: an inner portion of
the surface is HR-coated to act as a mirror for the Ref IFO, and the remainder of the surface is AR-coated
to serve as a transparent window for the TM IFO. The shape of the prism is completed by four lateral
surfaces, and is optimized via numerical simulation to provide insensitivity to machining imperfections
and maximal rejection of stray light noise.
The reference interferometer serves two purposes. First, it is used to compensate the very slow laser
frequency drift by feeding back a control signal to the source. Secondly, it is used to remove the coupling
of the remaining laser frequency noise from the TM IFO measurements, which appears as an unavoidable
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source of noise due to the unequal arm-length. The latter is done by combining the differential phase
measurements of both interferometers in post-processing,
φtm = 2δφ+ 2piδ f0τtm + σtm, (5)
φref = 2piδ f0τref + σref, (6)
φtm − τtm
τref
φref = 2δφ+ σtm +
τtm
τref
σref, (7)
where δφ is the phase shift due to the perceived TM longitudinal motion, scaled by a factor of approximately
2 due to the reflection setup; δ f0 is the laser frequency noise; τtm and τref are the time delays due to the
geometric optical pathlength difference between the short and long arms in the TM IFO and Ref IFO
respectively (i.e., τ = ∆L/c, where ∆L is the optical pathlength difference between the arms, and c is
the speed of light); and the σtm and σref terms represent additional noise sources. The cancellation of the
frequency noise is limited by the accuracy of the ∆L measurements, obtained by measuring the effective
modulation index m. Typically, ∆L can be estimated to within ±100 nm.
With frequency noise suppressed by combining the signals from the TM and reference interferometers,
the main noise sources are thermal (i.e., thermal expansion of the optic, refractive index variations, and
fiber injector jitter), electronic (i.e., phasemeter noise), and optical (i.e., stray light noise, and cross coupling
of test mass tilt into the length measurement) in nature. All of these sources are investigated in Section 5,
with the exception of stray light noise, that is tackled in Section 4.
Figure 2 shows an experimental layout where a test mass is being probed from opposite sides by a
pair of SEDI detectors. The same layout still applies to any number of SEDI sensors probing any number of
degrees of freedom of one or multiple test masses, simply by scaling the number of required fiber injectors
and phasemeter channels. As we show in Section 5, this setup allows a drastic reduction of thermal noise,
resulting in an ultimate performance limited by electronic noise and tilt-to-length coupling noise, two
sources that can be considered fundamental for such measurement schemes.
4. Structural Analysis
For reaching displacement sensitivities on the order of 1 pm/
√
Hz or lower, it is essential to keep stray
light noise in check, a lesson learnt from experiments for LISA performed on ground (e.g., see [15]). Beams
resulting from unwanted reflections or transmissions, known as “ghost beams”, inevitably occur due to
imperfections in the optical surfaces of the interferometer, and will spoil the measurement when captured
by the detectors. A strategy to reduce this source of noise is imperative in order to reach a sub-picometer
performance. By using a custom optic, we have the opportunity to produce a specially engineered shape
where ghost beams are dealt with accordingly so as to keep them from affecting the measurement.
Table 1. Geometrical parameters relevant to the structural analysis and noise investigations. AOI: angle of
incidence.
Parameter Value
TM IFO intra-prism pathlength (mm) 212.53
REF IFO intra-prism pathlength (mm) 156.55
TM IFO arm-length difference (mm) 500.55
REF IFO arm-length difference (mm) 143.98
S2 to TM surface distance (mm) 180.88
AOI to the TM (deg) 9.71
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Figure 3. Ghost beam suppression in TM IFO (a) and Ref IFO (b). Beams resulting from unwanted
reflections or transmissions in the optic may interfere with the nominal interferometric beams and spoil
the measurement. The relative angle between the side surfaces is optimized via simulation to yield a
configuration where ghost beams down to a certain power threshold are kept from impinging the detectors.
Shown in red and blue are the nominal beams of the test mass and the reference interferometer, respectively,
in the already optimized optical head. Absolute errors of 10−2 are introduced in the power transmission
coefficient of each surface, and ghost beams down to a power threshold of 10−12 relative to the nominal
beam power are considered. In this plot we represent ghost beams at the 10−3 (yellow) and 10−7 (green)
relative power levels for the sake of clarity, see the appendix for a more complete picture.
A disadvantage of any experiment using complex optical elements is dealing with manufacturing
tolerances and imperfections. For example, relative alignment errors between the three optical surfaces of
the OH can cause a bad overlap between the interferometer arms and lead to poor interferometric contrast.
Similarly, the perpendicularity of the optical surfaces with respect to the base of the prism is essential
to maintain both interferometers in-plane, as small deviations from such perpendicularity can cause the
beams to veer off-plane significantly.
To simulate these effects and optimize the prism geometry, we build an optical model of the
experiment using the interferometer simulation software Ifocad [16]. The OH geometry is parametrized
and included in the model along with all the features depicted in Figure 2. Ifocad provides proven
methods for propagating general astigmatic Gaussian beams in 3D space, as well as for computing most
relevant interferometric signals, such as the interference contrast, the longitudinal pathlength signal
(LPS), differential wavefront sensing (DWS) signals, and differential power sensing signals (DPS) [17].
The nominal parameters used in the simulation are listed in the appendix. Some important geometrical
parameters are given in Table 1. For the results presented in this paper we compute the interferometric
signals of the quadrant photodiode (QPD) on the reflection port of each interferometer (QPD1 and QPD1ref
for the TM IFO and Ref IFO respectively).
An automatic beam tracing routine is used to propagate the beams within the optical system formed
by the fiber injectors, the OH, and the QPDs (Figure 3). We introduce an absolute error on the power
transmission coefficient of each coating of 10−2 as a worst case scenario, and consider all resulting beams
down to a certain power threshold. By sweeping the parameter space of possible prism geometries, we
find that the relative angle between the two side surfaces of the prism is by far the biggest driver of the
amount of stray light directed towards the detectors. By tuning this angle and inspecting the resulting set
of ghost beams it is possible to choose a geometry that guarantees suppression of stray light to a very large
degree.
7 of 16
Width
Depth
Height
α
γ
½ Δα
Δγ
Side
angle
Figure 4. Critical manufacturing tolerances are divided into two categories. Tolerances affecting the relative
alignment between optical surfaces (parametrized by α and γ) lead to in-plane beam misalignments that
can be compensated for in both interferometers by tuning the direction of the incident beams; tolerances
affecting the perpendicularity of the optical surfaces with respect to the prism base cause off-plane beam
misalignments and result in an unavoidable loss of interferometric contrast.
A ghost beam having perfect overlap with the nominal beam and having a power above 3.5 · 10−11
relative to the nominal beam power could cause instabilities at the picometer displacement level [18].
Hence, we aim to maintain ghost beams with relative powers down to 10−12 from impinging the detectors,
therefore reducing stray light noise significantly below the total noise floor (see Figure 8 in appendix). This
optimization is performed in addition to other means of dealing with stray light, such as the placement of
suitable apertures or beam dumps that can tackle a particular set of beams.
To analyze the sensitivity of the detector to manufacturing tolerances of the prism, we inject different
types of geometrical errors into the OH model. Among the geometrical parameters that are critical to
the performance of the device, we distinguish between two types: relative alignment errors between the
optical surfaces, parametrized by angles α and γ (Figure 4a); and deviations from perpendicularity of the
optical surfaces relative to the base of the prism (Figure 4b). The former couples to beam misalignments on
the xy plane, and may be compensated to some degree by realigning the fiber injectors; the latter causes
beams to veer off-plane and its compensation is unfeasible.
In the xy-plane of the prism, angle α sets the relative angle between the beam splitting and
recombination surfaces S1 and S3, while angle γ sets the relative angle between the normal of the
mirror/window surface S2 and the nominal symmetry axis of this cut plane (Figure 4). We introduce
deviations of these angles in the model and compute the resulting degradation of the interferometric
contrast. We find that it is possible to completely compensate for these types of errors in both
interferometers by fine-tuning the direction of the incident beams (Figure 5). Hence, the detector is
insensitive to manufacturing tolerances affecting the relative alignment between optical surfaces.
On the other hand, manufacturing imperfections affecting the perpendicularity of the optical surfaces
with respect to the base of the prism are more difficult to compensate for. The input beam couplers are
able to introduce small vertical beam angles, as well as small vertical beam shifts. Typically, however, this
is avoided at all costs, since it requires rotating the lens held in the fiber coupler assembly, and therefore
introduces astigmatism; it also tends to introduce strong couplings between some of the DOFs of the
fiber coupler which are very difficult to control during construction. The in-plane interferometer design
therefore takes priority, and we set a tolerance specification on the perpendicularity of the optical surfaces
based on the degradation of the interferometric contrast that we deem allowable.
To properly characterize this effect, we perform a Monte Carlo simulation where we inject errors in the
form of deviations from perpendicularity into all three optical surfaces following a uniform distribution,
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Figure 5. Sensitivity to manufacturing imperfections affecting the relative alignment between optical
surfaces, as parametrized by the α (left) and γ (right) angles. The top plots show the interferometric contrast
as a function of the deviation from the nominal geometry for both interferometers with and without
compensation by altering the alignment of the input beam direction. The input beam direction is tuned by
translating the fiber injector by up to 1 mm, and rotating it by up to 0.5 degree. The bottom plots show the
deviation from the nominal optical pathlength difference between the arms in both interferometers due to
the required compensation.
and compute the resulting interferometric signals (Figure 6). We find that TM IFO performs better than
Ref IFO in this regard, as expected, due to the fact that S2 acts as a window for the TM IFO and its
perpendicularity has little effect on this interferometer. Simulations show that deviations of up to 0.1
degrees from perpendicularity are allowable whilst maintaining the interference contrast greater than 16 %
in Ref IFO, and greater than 36 % in TM IFO. We verified that the DFM fitting algorithm still performs to
the required level using signals with this level of contrast. Based on discussions with the precision glass
machining companies we contacted, this perpendicularity requirement is feasible.
5. Noise Investigations
Having determined the feasibility of manufacture, we turn our attention to the main noise sources of
the SEDI inertial sensor. The largest entry in the noise budget, that emerges from having an interferometer
of unequal arm lengths, is the laser frequency noise. This source of noise is mitigated by the dual
interferometer configuration (see Equation 7). Figure 2 shows the control loop for the laser frequency.
Assuming the laser frequency is only stabilized below the observation band to maintain the laser operating
point, the free-running noise is used in the rest of this section.
The second entry in the noise budget is thermal noise, which can be very severe in optical setups
employing large continuous optics like the SEDI sensor. Thermal noise is generally compound of two
effects: mechanical deformation due to thermal expansion and refractive index variations. The latter is
specially relevant in this experiment due to the interferometers’ long arms having significant intra-prism
optical pathlengh, as listed in Table 1. Since thermal noise and laser frequency noise are uncorrelated, it is
normally not possible to cancel both simultaneously.
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Figure 6. Sensitivity to manufacturing imperfections affecting the perpendicularity of the optical surfaces.
The plots show the degradation of the interferometric contrast as a function of the amplitude of the
uniform distribution of deviations from perpendicularity injected into all three optical surfaces of both
interferometers. The number of Monte Carlo samples at each point is 1000. The dark-shaded area bordered
by dashed lines corresponds to ±0.5 σ, while the light-shaded region is bordered by continuous lines
representing the maximum and minimum of the distribution.
We also calculate the displacement noise stemming from the angular and translational jitter noise of
the fiber injector optical subassemblies (FIOS), which makes the next entry in the noise budget. Lastly, we
also obtain the coupling between the angular motion of the test mass and the displacement measured by
the sensor, or tilt-to-length (TTL) coupling, which takes the value of 0.06 pm/µrad assuming a perfectly
manufactured prism.
Table 2 lists the resulting displacement noise amplitudes due to the different noise sources affecting
the phase measurement in each interferometer, assuming the typical noise floor values also listed in the
table. As the experiment is scaled, however, we may produce signal combinations which lower the total
Table 2. Amplitude of the displacement noise of TM IFO and Ref IFO in a single optical head due to the
main noise sources. The coefficient of thermal expansion and the dn/dT term of fused fused silica are taken
to be 0.55 · 10−6 K−1, and 9.6 · 10−6 K−1, respectively.
noise source magnitude TM IFO Ref IFO
frequency noise 100 MHz 1.78× 105 pm 5.11× 104 pm
refractive index fluctuation 1× 10−5 K 1.41× 10 pm 1.04× 10 pm
thermal deformation 1× 10−5 K 5.21× 10−1 pm 7.92× 10−1 pm
FIOS jitter: pitch 1.0 urad 7.39× 10−3 pm 7.11× 10−3 pm
FIOS jitter: yaw 1.0 urad 1.13× 10−1 pm 2.88× 10−2 pm
FIOS jitter: displacement 10.0 nm 1.14× 10−4 pm 8.53× 10−5 pm
TM tilt-to-length coupling 20 nrad 1.71× 10−3 pm -
phasemeter noise [18] 0.4 urad 6.77× 10−2 pm 6.77× 10−2 pm
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noise floor. For example, by probing a test mass from opposite sides as depicted in Figure 2, we obtain
four interferometric signals:
φLtm = 2δφ+ 2piδ f0τ
L
tm +
2pi
λ0
ΘLtmδT
L + ζtm, (8)
φRtm = −2δφ+ 2piδ f0τRtm +
2pi
λ0
ΘRtmδT
R + ζtm + 2etm, (9)
φLref = 2piδ f0τ
L
ref +
2pi
λ0
ΘLrefδT
L + ζref, (10)
φRref = 2piδ f0τ
R
ref +
2pi
λ0
ΘRrefδT
R + ζref + 2eref, (11)
where
Θij = Θj + ∆Θ
i
j = a
i
j(∆l) + b
i
j(∆n) (12)
is the coupling coefficient of temperature fluctuations δT to the pathlength signal of the interferometer
labeled by j = {tm,ref} and i = {L,R}. This coupling coefficient consists of the two contributions aij(∆l)
and bij(∆n), respectively, due to the thermal expansion and refractive index change of the optic. Θj is
the nominal coefficient determined by design and ∆Θij is a correction term, which is attributable, e.g.,
to compensations of the manufacturing imperfections discussed in the previous section. The ζ j terms
represent common-mode noises between the left (L) and right (R) interferometers, and the ej terms
represent uncorrelated noise sources. The test mass motion signal δφ can be extracted by combining the
two TM IFO signals,
φATM = (φ
L
tm − Cfreq,tmφRtm)
/
2(1+ Cfreq,tm)
' δφ+ piδ f0
2
(
τLtm − Cfreq,tmτRtm
)
+ δθAtm(δT) +
etm
2
, (13)
where
Cfreq,tm =
τLtm
τRtm
= 1+ ∆C¯freq,tm + ∆Cˆfreq,tm (14)
is the calibration factor for laser frequency noise suppression in this signal combination, and δθAtm(δT)
is the residual thermal noise coupling. The calibration factor Cfreq,tm is nominally unity assuming that
the design and construction of the left and right OHs are identical; the term ∆C¯freq,tm accounts for the
deviation due to the compensation of manufacturing imperfections, estimated to be O(10−3) from Figure 5;
the term ∆Cˆfreq,tm accounts for the calibration accuracy of the arm-length difference, which is normally
O(10−5). Ideally, the residual frequency noise term is negligible without any calibration factor. However,
the deviations of arm-length difference from the nominal values can potentially reach the order of 100µm,
which is not negligible. Therefore, Cfreq,tm is introduced to reduce this noise source to the extent limited by
the measurement accuracy of 1µm of arm-length difference.
On the other hand, the similarity between the temperature fluctuations in the left and right OHs is
in principle unknown, making thermal noise a potentially limiting noise source. Expanding the thermal
noise coupling term from Equation 13 yields
δθAtm(δT) =
pi
2λ0
[
Θtm
(
δTL − Cfreq,tmδTR
)
+ ∆ΘLtmδT
L − Cfreq,tm∆ΘRtmδTR
]
. (15)
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We now invoke the reference interferometer signals, expanding on the potential of the Ref IFO beyond the
basic idea expressed in Equation 7. We combine these signals with Equation 13 in a way that allows the
suppression of δθAtm(δT),
φBTM = φ
A
TM − Ctemp
(
φLref − Cfreq,refφRref
)/
2(1+ Cfreq,tm)
' δφ+ δθBtm(δT) +
etm
2
+
Ctemperef
2
, (16)
where Ctemp = Θtm/Θref is a calibration factor determined by design, and
2λ0
pi
δθBtm(δT) '
(
ΘLtm − CtempΘLref
)
δTL −
(
Cfreq,tmΘRtm − CtempCfreq,refΘRref
)
δTR
'
[
∆ΘLtm − Ctemp∆ΘLref
]
δTL
−
[
∆ΘRtm + ∆C¯freq,tmΘtm − Ctemp
(
∆ΘRref + ∆C¯freq,refΘref
)]
δTR, (17)
is the residual thermal noise coupling where only the cross terms of δT with ∆Θ and ∆C¯freqΘ remain. In
this way, the major thermal coupling which scales only with Θ can be eliminated from the signal regardless
of the correlation between the temperature fluctuations in the two OHs. It should be noted that this
method is valid because both TM IFO and Ref IFO are located in the same plane in the optic, which allows
us to treat them as being subjected to the same temperature fluctuations.
To obtain the spectrum of thermal displacement noise we build a finite element model of the OH.
This allows us to analyze the response of the prism to temperature fluctuations of the environment, and to
account for the thermal low-pass filter effect provided by the optic. A model of the 3D geometry of the
prism is developed in COMSOL Multiphysics, where the equations of heat transfer in solids are solved
in the frequency domain. The thermal coupling between the prism and its environment depends on the
mechanism by which the prism is mounted (e.g., by optical contact to a glass baseplate or similar). Since
the details of this mechanism are still unknown, we consider a worst-case scenario in which all of the
prism’s base surface area is perfectly coupled to the surrounding environment. A spectrum of random
temperature fluctuations, relaxed towards lower frequencies, is applied uniformly to the base of the prism,
and the resulting temperature response is measured throughout the prism volume.
The transfer function of temperature fluctuations is computed as a volume average for the whole
prism, as well as locally along the interferometer arms. The former is used to compute the spectrum
of displacement noise due to the thermal expansion of the prism, and the latter is used to compute the
spectrum of displacement noise due to the local refractive index change. Due to the symmetry with
which the temperature boundary conditions are applied, both Ref IFO and TM IFO experience the same
temperature fluctuations.
The final performance of the SEDI inertial sensor (i.e., the residual noise in the TM IFO channel), is
derived for a single OH and the dual-OH setup of Figure 2. To estimate noise floors we consider a realistic
case where the optical heads have been imperfectly manufactured, and the consequent interferometer
misalignment has been compensated by altering the alignment of the input beam couplers (i.e., a
compensation such as those described in Figure 5). These imperfections are injected in the model in
such a way that the asymmetry between the interferometers becomes maximum, leading to minimum
common-mode noise cancellation.
We found that, due to these imperfections, the test mass TTL coupling could increase to the
picometer level, and imperfections causing deviations from the nominal geometry of the kind that can be
parametrized by γ (see Figure 4) were specially relevant to this effect. This deterioration is caused by a
12 of 16
10−4 10−3 10−2 10−1 1 101 10−4 10−3 10−2 10−1 1 101
Total φtm
Total φtm - (τtm/τref)φref 
Thermal
Phasemeter
Fiber injector jitter
TTL coupling
Frequency
Total φA, dT uncorr.
Total φA, dT corr.
Total φB, dT uncorr.
Thermal φA, dT uncorr.
Thermal φA, dT corr.
Thermal φB, dT uncorr.
Phasemeter
Fiber injector jitter
TTL coupling φB
Frequency φA
Frequency φB
Di
sp
lac
em
en
t n
ois
e 
am
pli
tu
de
 sp
ec
tra
l d
en
sit
y (
m
/
Hz
 )
10−15
10−14
10−13
10−12
10−11
10−10
10−9
Frequency (Hz) Frequency (Hz)
Figure 7. SEDI noise budget for a single optical head (left), and two optical heads probing one test
mass from opposite sides (right), in which the phase signals are written as a function of the correlation
between temperature fluctuations in the two setups. These figures include characteristic imperfections
of the manufactured prisms, and an absolute ranging error of 1 um affecting the calibration factor. In the
setup with two optical heads, two different calibrations are shown: φA and φB (see Equations 13 and 16
respectively), for distinct cases in which the interferometer temperature fluctuations are correlated or
uncorrelated between the two optical heads used (dT corr. and dT uncorr. respectively).
lateral shift of the point of incidence of the beam in the test mass arising from imperfections of this kind,
which can be 40µm or more, and the consequent extra longitudinal pathlength added to the long arm of
the TM IFO. This offset can be compensated by altering the alignment of the TM IFO at the expense of a
minor reduction from the maximum contrast, or by laterally shifting the position of the test mass. We opt
for the latter in this simulation, and assume that the correct positioning is not achieved, such that the test
mass is laterally offset by 10µm from the nominal position.
The final results, including inherent imperfections in the construction, are shown in Figure 7. The
performance of a single OH is limited at low frequency by the residual thermal noise, while using two OHs
allows for a phasemeter-noise-limited performance at low frequency, regardless of the coherence of the
temperature fluctuation between the two devices. In both cases the sensor is limited at higher frequencies
by TTL coupling noise. By applying the
10
pm√
Hz
·
√
1+
(
2 mHz
f
)4
(18)
displacement noise requirement of the LISA mission as the test mass displacement amplitude for
frequencies (20µHz ≤ f ≤ 1 Hz), 24 dB signal-noise ratio (SNR) is achieved throughout the measurement
frequency band. For frequencies above 100 mHz, the SNR increases up to 40 dB due to the decrease in
thermal noise.
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6. Summary and Outlook
We presented the SEDI inertial sensor that is being built at the Albert-Einstein-Institute to measure
test mass displacements with a precision greater than 10−12 m/
√
Hz above 10 mHz. The sensor fits in
a tiny package of a few cubic inches, and offers this performance without the need for laser frequency
pre-stabilization. The device consists of a single optical component that hosts two interferometers with
arms of unequal length. The dual-interferometer configuration allows the SEDI sensor to act as its own
reference for laser frequency noise suppression. Deep frequency modulation interferometry is applied as
the technique of choice in this experiment as it enables the extreme simplicity of this setup, which is fed
from a single frequency-modulated laser source.
Due to the intrinsic minimalism of this optical setup, this device can be integrated into an optical
readout platform that features multiple optical heads and is able to interrogate several degrees of freedom
of a mechanical system. We demonstrate how two of these optical heads can work together to suppress
residual thermal noise and achieve sub-picometer precision above 2 mHz, and up to the 100 fm/
√
Hz
level above 10 mHz. The design of the optical head as well as its size pose a series of technological and
scientific challenges, which are addressed in this article together with the devised solutions by means of
optical simulations. A thorough noise analysis of the experiment is carried out, including manufacturing
imperfections and their associated compensation mechanisms. The noise budget combines both analytical
and computer models of the experiment. Furthermore, a finite element model of the optical head is used
to compute the spectrum of temperature fluctuations in the interferometer.
The potential applications of this new sensor cover many areas of science and technology. In
experimental gravitational physics, and notably in next-generation space-based gravity missions, the SEDI
sensor offers a scalable solution for multi-channel test mass readout. Satellites employing drag-free control
to trail a free-floating test mass in order to follow an undisturbed geodesic require measuring the motion
of said test mass in several degrees of freedom with high precision and large dynamic range. The reduced
size and weight of the SEDI sensor means that several optical heads can be applied to offer increased
sensitivity and redundancy in these measurements, making it a suitable candidate for this application.
The same measurement principle applies to inertial isolation systems on the ground, where the inertial
stability of a reference mass can be transferred to an actively controlled platform through a high-gain
feedback system. This is a key resource in many experiments that require suppression of seismic noise,
notably in gravitational-wave detection, where the seismic activity at low frequency presents an important
impediment to the discovery potential of ground-based detectors.
Appendix
Table 3 lists all of the remaining experiment parameters that are not included in the text. Figure 8
shows ghost beams down to a power threshold of 10−12 relative to the nominal beam power.
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Table 3. Parameters of the whole setup. AOI is Angle Of Incidence
Optical head
(width, height, depth) [mm] (80.0, 30.0, 50.0)
(α, γ, side angle) [deg] (120.0, 90, 6.5)
Quadrant photodiodes
(width, height, depth) [mm] (25.0, 25.0, 40.0)
active radius [mm] 0.25
slit width [mm] 0.25×0.05
optical distance from the prism [mm] TM:100.0, Ref: 120.0
Beams
waist radius [mm] 0.3
waist offset from the FIOS [mm] 0.0
distance from the FIOS to the prism [mm] TM:37.0, Ref:50.0
AOI to the input surface [deg] 60.0
AOI to the TM [deg] 9.71
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Figure 8. Ghost beam suppression in TM IFO (a) and Ref IFO (b). Absolute errors of 10−2 are introduced
in the power transmission coefficient of each surface, and ghost beams down to a power threshold of
Pghost/Pnom.>10−12 relative to the nominal beam power are considered. The nominal beams in the TM
IFO and Ref IFO are drawn in red and blue respectively. Ghost beams with 1 > Pghost/Pnom. > 10−3
(yellow), 10−3>Pghost/Pnom.>10−7 (green) and 10−7>Pghost/Pnom.>10−12 (cyan) relative power level
are depicted.
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Abbreviations
The following abbreviations are used in this manuscript:
AOI angle of incidence
AR anti-reflective
BS beam splitter
DAC digital-to-analog converter
DAQ data acquisition
DFM deep frequency modulation
DOF degree of freedom
DPS differential power sensing
DWS differential wavefront sensing
FIOS fiber injector optical subassembly
FPGA field programmable gate array
HR high-reflective
IFO interferometer
LIGO Laser Interferometer Gravitational-wave Observatory
LISA Laser Interferometer Space Antenna
LPS longitudinal pathlength signal
MDPI Multidisciplinary Digital Publishing Institute
OH optical head
PID proportional–integral–derivative
QPD quadrant photodiode
Ref reference
SEDI single-element dual-interferometer
SNR signal-to-noise ratio
TM test mass
TTL tilt-to-length
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